
A P P R O X I M A T E  S O L U T I O N  O F  T H E  P R O B L E M  

O F  T H E  T H R E E - D I M E N S I O N A L  B O U N D A R Y  L A Y E R  

IN A N  I N C O M P R E S S I B L E  F L U I D  

I .  G.  B r y k i n a  a n d  Y u .  D. S h e v e l e v  UDC532.526 

A method of success ive  approx imat ions  is p roposed  for  the solution of the equations of the 
t h r ee -d imens i ona l  i ncompress ib l e  boundary l aye r  on bodies  of a r b i t r a r y  shape. A coordinate  
s y s t e m  connected with the s t r e a m l i n e s  of the ex te rna l  nonviseous flow is used. It is a s sume d  
that  the ve loc i ty  a c r o s s  the ex te rna l  s t r e a m l i n e s  is smal l .  When the intensi ty of secondary  
flow is low the equations desc r ib ing  the boundary l aye r  in an incompress ib le  fluid a r e  r e -  
duced to a fo rm analogous to the equations for  the boundary l aye r  on axia l ly  s y m m e t r i c a l  
bodies.  An approx imate  analyt ical  solution is obtained for  the ve loc i ty  and for  the f r ic t ion  in 
the fo rm of equations which can  be used for  any p rob l ems  of a t h r ee -d imens iona l  incom-  
p r e s s i b l e  boundary l aye r .  The method developed was applied to the p rob lem of the t h r e e -  
d imensional  boundary l aye r  at a plate  with a cy l indr ica l  obs tac le  in the p r e s e n c e  of a slip 
angle.  

1. Let us cons ide r  the t h r ee -d imens iona l  l amina r  boundary l aye r  in an incompress ib l e  fluid at an 
a r b i t r a r y  sur face .  We will use the eu rv i l i nea r  or thogonal  coordinate  sy s t em ~, ~7, ~, connected with the 
s t r e a m l i n e s  of the externa l  ideal flow at the sur face .  The coordinate  ~ is the dis tance f r o m  the sur face  of 
the body along the normal ,  so that  ~ =0 is the equation of the su r face  in the flow, the l ines  ~ =const  a re  
the s t r e a m l i n e s  of the nonviscous flow at the sur face ,  and the l ines  ~ =cons t  a re  the i r  or thogonal  t r a j e c -  
t o r i e s ,  i .e. ,  the equipotential  l ines.  

The equations of the t h r ee -d imens iona l  incompress ib le  boundary  l aye r  in the coordinate  s y s t e m  chosen  
chosen  have the f o r m  [1] 

u 02 ~ 0u 0~ l 0 V ~ w ~ _ ~  t 0Va-~ u~ 0ge F~ ~ u  

u o,o w o,,, o~ 1 ~ V ~ T u ~  + _ _ t  o l f ~  1 o ~  y ~ + v  ~ o ~  ~ , (1) 

. r ~  Ov 0 

Here  u, w, and v a r e  the pro jec t ions  of the ve loc i ty  on the coordinate  l ines ~, ~?, and .~, r e spec t ive ly ,  
v is the kinemat ic  v i scos i ty  coeff icient ,  and gii (~, 7) and g22 (~, ~?) a re  met r ic  coeff ic ients .  

The boundary condit ions for  s y s t e m  (1.1) a r e  chosen as  follows: 

u = w = v = O  at  ~ = 0 ,  u ~ U e  (~,~]),w--*0 as ~-->c~ (1.2) 

Here  U e is the to ta l  ve loc i ty  of nonviseous flow at the su r face  of the body. 

As the coordinate  of ~ along the s t r e a m l i n e s  we take the potent ial  ~p of the ex te rna l  ideal flow. We 
denote the coordinate  of ~7 orthogonal  to the s t r e a m l i n e s  through r  If ~i and Vl a r e  an a r b i t r a r y  or thogonal  
coordinate  s y s t e m  at the su r face  then for  the components  of the ve loc i ty  of the ex te rna l  flow we have 
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Ue _= i Ocp i Ocp 

If we take r and ~b as ~1 and Vl we obtain 

u~ = : / 1 / ~  

The element of length at the surface can be represented  in the fo rm 

U) t~ 2 ,  t - 2), 
ds2 = --~e~ l ar -f- -7~-a~ g : : = t  / Ue ~, g22= l /(r~Ue 2) (1.3) 

where r 2 =l/(g2zUe 2) is a function which depends on the geometry  of the surface,  
the external flow, and the choice of the coordinate r  

We will assume that the velocity ac ros s  the s t reamlines  of the external  
flow and its derivat ives are  small compared  with the veloci ty  along the s t r e a m -  

lines. Since the t r ansve r se  velocity is equal to ze ro  at the surface of the body and at the outer boundary of 
the boundary layer,  the assumption that the secondary  flow is of low intensity is justified to a cer ta in  extent 
[2, 3]. The secondary flow is small  when the external s t reamlines  have small  geodesic curvature .  Up to 
values of 0.3-0.4 for the rat io of the velocity of t r a n s v e r s e  flow in the boundary layer  to the total loca lve loe-  
ity one can use the principle of the independence of the longitudinal flow from the t r ansve r se  flow. 

In (1.1) let us make the substitution 

;:  = 1 / ' ~  ;, v, = v / ]/-U~o, r~ = t / rU (1.4) 

On the assumption that the secondary  flow is small  we a r r ive  at equations analogous to the equations 
for the boundary l ayer  near an axially symmet r ica l  body f rom which is found the longitudinal velocity and a 
l inear  equation for  the t r ansve r se  veloci ty 

Ou Ou T~ OUe , O~u 0 Or1 
u ~ +  v:--gff = u~ -g~-#'~oT:.' ~ ( n u )  § n ~ = 0  

Ow Ow 0 In r :  w t O In Ue O~w 
U ~ "4;" Vl ~ § ~ U § rlU--'-'~ c3-----'~ (ua - -  U e 2 )  : V O;'-'if" 

(:.5) 

(:.6) 

with the boundary conditions 

u = w = v 1 = O  at ~ l = O , u - - ~ U , , w - - ~ O  as ~i--~oo 

2. Let us find the function r. Let z = f (x ,  y) be the equation in Car tes ian  coordinates  for the surface 
over which the flow occurs .  Let us change f rom the coordinates  x, y, z to the coordinates  9, 6,  ~ �9 For  
this we const ruct  the normal  f rom the point (x, y, z) to the surface of the body. We designate the Car tes ian  
coordinates of the point of intersect ion as x0, Y0, z0 = f(x0, Y0). 

Then ~, r  ~ are  connected with x, y, z by the equations 

= ~ (xo, yo, / (x0, y0)), * = r (x~, y0, / (xo, y0)) 

; = I z - / (xoyo) I 1 / i  + (o! / OXo)~ + (ol / oy.)~ 

where x 0 and Y0 are  found f rom the equations 

Xo = x + (z - -  / (z0, y0)) o]/Oxo, yo = y + (z - -  / (Xo, yo)) O//Oyo 

It is neces sa ry  to find gzz at z = f (x ,  y) 

o-, ~ oy ~ {0zl~ , or ~ o~ 2 fo~1-~ 

Since the velocity vec tor  of the external ideal flow U e [Ux, Uy, Uz] lies in a plane tangent to the su r -  
face in the flow, 

ot of 

1 8 8  



Since the l ines  r =eons t ,  z = f (x, y) a r e  s t r e a m l i n e s  at the su r f ace  of  the body  it is e a s y  to find that  

0__!~ = u~ or (2.1) 
Oyo % Oxo 

With th i s  in mind  one c a n  find 

0~; 0r { axe 
~, O~o = oq, ~ i + ~ o ~ o  ! + u~, i +  - - u : ~ o ~ o - ~ -  ~ u u Oz Oxo uy \aye]  J L \Oyo] I 

~z 
or ( O~o ur Oyo ~ 
0~o \ ~ % Oz ] = 

\ . [ 0/ \~ \ -~  0! 

Thus ,  we obta in  

g~2 = u,--z ~ - o  \o~--7~o/ 
(2.2) 

If I I  e (x, y, z) is known one c a n  find O Ue /0~  and 0 U e / ~  (~ = q ,  ~7 = r ) f r o m  the equa t ions  

OUe OUe ' U OUe OUe 
U 2 - - ~ -  = u ~ - - ~  ~- ~,--~- + u~ o~ 

Ue 2 Oq~ / Oxo OUe ( Ol \ OUe (2.3) 

3. Let  us in t roduce  new v a r i a b l e s  by ana logy  with [1] 

u = U~ (~, ~]) E (~, ~1, k), w = U~ (~, ~]) G (~, n, k) (3.1) 

0k 
vi = L ~ J  

where ~0 QT) = of 0 (r is the equation of the boundary of the body from which the boundary layer begins to 
develop. For example, in the case of flow over a flat plate with an obstacle mounted in front of it ~0 (7) is 
the equation of the leading edge of the plate. If one is considering the flow over a blunt body where there is 
a critical point,then the function ~0 (~7) =0. The potential ~ is reckoned from this leading critical point, 
i .e . ,  at  it ~ =  ~=0. 

Equat ions  (1.5) and (1.6) fo r  u, vt,  and w a r e  t r a n s f o r m e d  into equa t ions  fo r  E, K, and G 

o~E OE OZ OK 0~$ (3.2) OL~ = K ' ~ - +  N I ( E 2 - -  t)  W N~E-g~ ' O--O--g~ = - -  P t E - -  N4 OF~ 

N wOG O~aOL~ = K ~Oa -5 M i  (E ~ - -  i) + MsEG + 4~ , -~  

with the boundary  condi t ions  

E = G = K - - - - O  at L - - - - O , E - - + I , G - - + O  as ~---~oo (3.3) 

The coe f f i c i en t s  Pl ,  M1, M3, N1, and N 4 a r e  known funct ions  of ~ and V and a r e  d e t e r m i n e d  by the 
g e o m e t r y  of the s u r f a c e  and the e x t e r n a l  f low 

N i = O l n U e / O l n ~ l ,  N4----~l, Mi----~irOlnU~/Oq 
(3.4) 

In ] / ~  / ^ -  Ms = - -  0 In r / 0 In ~l, Pi  =- 0 ~ / o in ~l, ~1 = ~ - -  ~0 (~) 

The c o m p o n e n t s  of the f r i c t ion  at  the su r f ace  of the body in the flow a r e  found f r o m  the equa t ions  
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Ou . OE OL ]//" I~P 17 ~ OE 

Ow . OG OL /'-"-~Z'-- OG 
(3 .5 )  

H e r e  ~ is the dynamic  v i s c o s i t y  coef f i c ien t  and p is  the densi ty .  

4. Le t  us obta in  in t eg ra l  equa t ions  fo r  the func t ions  E and G by i n t eg ra t i ng  the  c o r r e s p o n d i n g  d i f -  
f e r e n t i a l  equa t ions  twice  with r e s p e c t  to X ( f rom ~ to ~ and then  f r o m  0 to )~) 

, ~, OOu* 
- -  E =/01001* -~- (Pl -~- N1) 011" "Jr N101* -~- lva ~ -~- Na00a* 

ar 00~* 

F o r  the d i m e n s i o n l e s s  f r i c t i on  a t  the wal l  we have the fol lowing equa t ions  

OE#~ [x=o = (Px q- N~) On -t- N~O~ q- N~ 00~10~ 

(4.1) 

(4.2) 

Oa~= (E - -  t) E d)~, 0~ = EGd)~, O ~ = I  ( E - - l ) d l ,  
A X 

Ok Ok Ok 

0 0 0 0 

0 0 0 0 

(4.3) 

We will  so lve  the  i n t eg ra l  equat ions  (4.1) by  the me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s  [4]. 
is  n e c e s s a r y  tha t  a f t e r  the subs t i tu t ion  into the r igh t  s i de s  of t hese  equa t ions  of the a r b i t r a r y  in t eg rab le  
funct ions  E (~, ~?, )0 and  G (~, 7 ,  X) which s a t i s fy  the bounda ry  condi t ions  

E (~, n, 0) ---- G (~, ~l, 0) = 0, E (~, ~l, cr = i, G (~, ~l, co) = 0 

the r ight  s ides  m u s t  t ake  on v a l u e s  equal  to unity and ze ro ,  r e s p e c t i v e l y ,  a s  X-* r F o r  th i s  we in t roduce  
the unknown " c o r r e c t i n g "  funct ions  ~ (~, 77) and b (~, 7) 

E (")= g(")(~, n, ~.II/~(~I)), G ('~= b(n+l)G(n)(~, ~I, ~/}fb(n+1)) (4.4) 

and the new independent  v a r i a b l e  

~(~) = x / V'a (~+" (4.5) 

After the substitution into the right sides of (4.1) of the function E (n) [~, 77, ~(n)] in place of E and the 
function b (n+l) G (n) [~, 7, ~(n)] in place of G and the change from integration over X to integration over 
(n) we obtain the connection between the (n + 1)-th approximation and the n-th approximation 

_ E(n+x) = 6(~+1)A(~) q_ a(,O d~ (n+~) 
d~ (4.6) 

d5 (n+l) a(n)~(n+l) db (n+l) -- G(~+I) = 5(n+x) (B(~) -I- b(~+l)C(~)) -}- a(~)b(~+l) d~ ~- d~ 

H e r e  A(n) [ f ,  77, ~(n)], B(n) [}, 77, ~(n)l, C (ro [~, 7/, ~(n)], ai(n) [~, ~7, g(n)] ( i = l ,  2, 3) a r e  known func -  
t i ons  of E(n) and G(n). 

We choose  the  funct ions  5 (n+l)  (~, 77) and b(n+l )  (~, ~?) in such a way. tha t  the b o u n d a r y  cond i t ions  a r e  
s a t i s f i ed  at  the ou te r  bounda ry  of the  bounda ry  l a y e r  fo r  E ( n + l ) a n d  G (n+l ) .  As  ~ - - ~  we have E ( n + l ) -  1 
and G(n+i)  --* 0. Hence  we obta in  l i n e a r  f i r s t - o r d e r  d i f f e ren t i a l  equa t ions  fo r  the  d e t e r m i n a t i o n  of 6(n+l)  
and b (n + 1) 

F o r  th i s  it 
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02 
J ,r 7 9 

Fs 2 

dT(n+i) - -  A~)6 (~+l) - -  t a}~ ~ = 

a(n) db(n+l) b(n+l)( C~ ) A (~)-~'a (~) § a~2 1 I__B~) 
(4.7) 

T h e s e  e q u a t i o n s  c a n  be in tegrated .  F i r s t  the f i r s t  e q u a -  
t ion  is  so lved ,  the  5(n+~) obta ined  i s  subs t i tu ted  into the s e c o n d  
equat ion ,  and then b( n + 0  i s  d e t e r m i n e d .  

The (n + 1)-th approximation for the dimensionless fr ict ion at the wail is found f rom the equations 

OL , x=o  = _ d~ 
(4.8) 

Given  the ze ro th  a p p r o x i m a t i o n  by  s o m e  m e a n s  one c a n  d e t e r m i n e  a l l  the  subsequen t  a p p r o x i m a t i o n s  
fo r  the  c o m p o n e n t s  of  the  v e l o c i t y  and  f r i c t i on  a t  the  s u r f a c e  us ing  (4.6)-(4.8).  

5. Le t  us e x a m i n e  the  f i r s t  a p p r o x i m a t i o n .  We give the z e r o t h  a p p r o x i m a t i o n  in the f o r m  

E (~ = l - -  Zo (~(o)), G (~ = b (i) (Co (~(o)) __ Z-i (~(o))) 

2 I e-~'d~, Z_~ (~) = e<' i z0 (;) g~ 
oa 

The subsequent approximations E (n) and G(n) will be connected with a c lass  of functions Z m [5] 

(5. i) 

Zm(~)=-~- . ,  (~--~)'~e-~'d~, m =  O, 1,2 . . . .  (5.2) 
co 

H e r e  the A m a r e  c h o s e n  so tha t  Z m (0) =1. 

The  func t ions  5 (~, 77) and b (~, V) in the  f i r s t  a p p r o x i m a t i o n  a r e  found f r o m  the equa t ions  

d5(1) 6(1) [2pl  _[_ ( @  + 2) N~] @ 8  N4 d--~-~ = - -  

[ 2+,~ 4~ i ]  2+~  
db(1) = b  (~ - - M . + 3 ( I - - V - ~ )  2 V ~  N~ + 3 ( g - ~ -  i ) 2 _ ~  ~(, +~-_~-~- M~ N,t ~ 

(5.3) 

(5.4) 

A f t e r  subs t i tu t ing  the  v a l u e s  of  the c o e f f i c i e n t s  Eq. (5.3) t a k e s  the  f o r m  

d(~(1) - ~ - ~  (1) d (In glU~/=) 8 d In ~l rB 

The  in i t ia l  cond i t ion  f o r  th is  equa t ion  is  found f r o m  the r e q u i r e m e n t  tha t  d6(1)/d~l be  f ini te  when  ~1 = 
0. F o r  th i s  it is  n e c e s s a r y  tha t  

am [-~=o = 8 

Solving the  equa t ion  fo r  6( 0 with th i s  ini t ia l  condi t ion  we obta in  

I M I M = TT, v y  o (5.5) am = "N- ~ d~l = -~-_ ~ -W ~e = r-----r-- 

D i s c l o s i n g  the  v a l u e s  of the c o e f f i c i e n t s  and  us ing  the  e x p r e s s i o n  found fo r  6(1), we have an equa t ion  
f o r  the  funct ion  b (i) (~, V) 

db (i) ~ b ( 1 ) d  In VrU 2"618 ~-o.~99~ din 5l L e (I ~ d~i) I - -  2"1048~ir 0 i ;Ue 
0 
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Fig. 3 

From the assumption that db(1)/d~l is finite at ~l =0 we obtain the initial condition for  b(1): b(1)[~ 1 =0=0. 

The solution of the equation with this initial condition has the form 

E 
l i l t  M \0.7992 b(1)_~ 2A048rN ,) ~ 01nUoon Nd~l ,  N ~ -  I~ ' -~d~l )  U;  2"e1' (5.6) 

0 0 

Knowing 6(1) and b (l) one can find the f i r s t  approximation for  the veloci ty components and for  the f r i c -  
tion at the wall. With allowance for (4.6) and (5.3), (5.4) we obtain for  E(l) and G (1) the express ions  

tion. 

r E'')--a(') ~ ra l (#  § ,)] 8al 
0 [ - - ' - ~ - I  1. \ d ~  - -  - -  

G(1) __ b(,) [3(~f~ __ 1) l f : g - - ~  a a 4 g  --8a,]  4-6 a,'rg, ~[~~ r 2+<  a a -  Jo .o -  -~-(l Z , - -  l)j] 4- (5.7) 

_}_8(1) b 0) O In U e 2) a~ 3 (~f2 -- t) 2 + g 
~ [ ( ~  ~- -- V~g-~--2 a3] 

o o) z,)-+(, al = - - ~  = ~ -  - -  - -  

a(~ t * -+(,-z,)+(,-zo)-(§ 
I *  aa = a(~ = '],(1 --  Z2) -- '/2 (1 -- Z,) -- Jo.o 4- o.o 

' - z 0  ~ ) - '  ( l  z l (V2~(~)) )  Jo.o = ~ d - z ? )  + - ~  (i ~ - 

Z~176 2' 41 Zo(Z,  4-Z_I)__ ~ i  (1 -- Zo (~/2 ~(1))) 

�9 ' ' Z o ( V - ~  ~(')) l - , a  = -2-  Z0 (Z-1 - -  Zl) + ~ (I - -  

L e t  us find the values of the dimensionless  fr ict ion at the surface of the body in the f i rs t  approxima-  
Using (4.8), (5.3), and (5.4) we have 

+ ba)(V~ If2--  1 ~ [V8-~ Oln U, _, /3(V2--1)  1 
]/6 y - ~ n -  2 )] (5o9) 

6. Let us use the proposed method to examine the problem of the boundary layer formed at a thin 
semiinfinite plate perpendicular to which is placed an infinite cylinder, with an incompressible fluid flowing 
over the plate. 

We will consider flow over the plate at a slip angle 0, where 0 is the angle between the normal to the 
velocity of the impinging stream at infinity and the leading edge of the plate (Fig. 1). 

In the case of a circular cylinder the relative potential of the external ideal flow is taken as the co- 
ordinate q [6] 
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-2 

i ) d, + t (6.1) 
~ = ~ = x  t+*--r-4--K+~* + d 

Here x and z are  the Car tes ian  coordinates  in the plane, 
relat ive to the radius of the cylinder.  Since the nonviscous 
flow is two-dimensional  in the present  problem, one can take 
as  the coordinate ~b the flow function 

'l = ~ = z (t --  l /(x~ § z2)) (6.2) ~ ~ ~ d d 4 4 4 4 4 # 4 4 4 4 4 4 ~ 4 4 4 4 5 $  

~.~ ~4~444444~ 4444444 

~ 4 g r  4 4  4 4 
~ 4 4 4 4 ~ f r 1 6 2  ~ 4 4 4 4 $  
~ r  ~ 4 4 4 4 ~ r  4 4 4 4 4 4  
~ 4 4 4 4 4 4 4  ~ 4 4 4 4 4 & 4 4  ~ 4 4 4 4 4  

4 $ # b 444 ,~ ~ # 4 4 4 4 4 ~ 4  $ ~ 4 ~ 4  
4 ~ $ 4 ~ ~ 44 ~ $ 4 4 4 4 . ~ 4 4 ~ 4 4 4 4 4  
4 4 4 4 4 4 ~ 4 4 $ ~ 4 4 ~ 4 ~  # + 4 4 4 4 5  

2 

Fig. 4 

Then 

r ~ l ,  g n = g , 2  = 1 /Ue 2 (6.3) 

In the coordinates  x and z the equation of the leading 
edge of the plate has the form x + d = z  tan 0 �9 Let us write 
this equation in the coordinates  ~b, 

q~0=(ztg0--d)  l-}- (ztg0--d)~+z2' -}-~ d 

( , ) 
---- Z t ~ (z tgO--d)~-t-z~ 

(6.4) 

By eliminating z f rom here one can find (P0 (r = ~0 (7). 

The longitudinal and t r ansve r se  veloci ty components and the fr ict ion at the plate are  found f rom Eqs. 

Here 

d~-}- t 
d (6.5) 

(5,5)-(5.9), in which one must set r equal to unity. 

Let us examine the problem at the line of spreading flow z =0. 

0o ( ) n=O, -~-=0, ~=z  t +  t ~ - + ~  

~0=0 ,  U e = t - - l / x  ~ 

For  the dimensionless  f r ic t ion we obtain 

s U~/'~ d~ + 0.9368 U~ d~ 
H4 / ~+1 
--e 0 0 

(6.6) 

The p r e s s u r e  in the boundary l aye r  along the line of spreading flow will increase  as the cyl inder  
is approached. Therefore  the flow in the boundary layer  is re ta rded  and "separat ion"  of the boundary layer  
develops. Let us find the point of separat ion on the line of spreading flow, i.e., the point at which the f r i c -  
tion is reduced to zero.  Since 

dx ~--- d_~ aUe OUe I 
Ue ' O~ --  Ox Ue 

the equation for the coordinate  x of the point of separat ion takes the fo rm 

XS/~+I i (  I , 4/n+l 
(x~ -- 1) 4/=+2 I --  ~-)  dx + 0.1412 = 0 

--d 
(6.7) 

The location of the point of separat ion on the line of spreading flow depends only on d and does not de- 
pend on the slip angle 0. 

The dependence of the location of the point of separat ion on the line of spreading flow on the distance 
of the cyl inder  axis f rom the leading edge of the plate (d), expressed  through Eq. (6.7), is presented in Fig. 
2. Here the experimental  data of [7] and the data of the exact numerica l  calculat ions of [1] are  given (the 
dash-dot  curve  is the present  calculation, 2 is the experimental  data, and 1 is the resul t  of the f ini te-dif-  
ference calculations).  It is seen that both the experimental  points and the exact solution fall nicely on the 
calculated curve.  The dependence of the point of separat ion on the line of spreading flow on d in the f i rs t  
approximation for the local ly se l f - s imi la r  solution is shown in the same figure. The locally se l f - s imi l a r  
solution is the approximate solution of the boundary layer  equations when we neglect the der ivat ives  of the 
unknown functions with respect  to ~ and to ~? compared  with the derivat ives  with respec t  to ~, and the co -  
ordinates ~ and ~ enter into the equations only as pa r ame te r s  (the dashed curve in Fig. 2 gives the resul ts  
of the locally se l f - s imi l a r  approximation). 
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The f r ic t ion  at the sur face  obtained f rom Eqs.  (5.9) was c o m p a r e d  with the r e su l t s  of exact  numer ica l  
calculat ions and with the local ly  s e l f - s i m i l a r  solution. The compar i son  was made for  a slip angle to 
ze ro  and d =4. It is seen in Fig. 3 that  the f i r s t  approximat ion  ag ree s  well  with the exact  solution. 

A compar i son  of the d imens ion less  values  of the fr ict ion components  T x (curves  1) and T z (curves  2) 
obtained in the given approximat ion  with the r e su l t s  of the f in i te -d i f ference  ca lcula t ions  and of the local ly  
s e l f - s i m i l a r  approximat ion  a r e  p resen ted  in Fig. 3 for  x = - 3  as  a function of z. 

The d imens ion less  f r ic t ion component  ~x on the line of spreading flow z =0 as  a function of d - x  is 
p resen ted  in Fig. 3 (curve 3) (the dash-dot  curve  is the p resen t  calculat ion,  the solid cu rve  is the r e su l t s  
of the f in i te-di f ference  calculat ions,  and the dashed curve  is the local ly  s e l f - s i m i l a r  approximation) .  

The behavior  of the "limiting~ s t r eaml ine s  at  the body (d =3, 0 =0) is shown in Fig. 4. The flow 
pat te rn  in the boundary l aye r  is comple te ly  different  f r o m  the pa t t e rn  of the externa l  ideal flow. The "line 
of separat ion~ is seen, which in this  case  is  an envelope of the l imit ing s t r eaml ines .  

The behavior  of the l imit ing s t r e a m l i n e s  at the body in the p r e sence  of a slip angle (d =3, 0 =45 ~ is 
shown in Fig. 5. The point of separa t ion  on the line of spread ing  flow does not depend on the slip angle, but 
the pa t t e rn  of behavior  of the s t r eaml ine s  is u n s y m m e t r i c a l  in the two hal f -p lanes  (z > 0, z < 0). The vo r t ex  
which has fo rmed  can  be noted beyond the line of separa t ion .  The p roposed  method makes  it poss ib le  to 
find in the f i r s t  approximat ion  the pa t te rn  of behavior  of the l imit ing s t r eaml ines  eve rywhere  on the body, 
beyond the line of separa t ion  in pa r t i cu la r .  The r e su l t s  obtained beyond the line of separa t ion  must  be 
t r ea t ed  with some caution, s ince the boundary layer  theory  is approx imate  and the assumpt ion  that  the 
secondary  flow nea r  the line of separa t ion  is smal l  is not sat isf ied.  T h e r e f o r e  these  r e su l t s  a r e  p resen ted  
only par t ia l ly ,  although they a re  of in teres t ,  s ince in our view they make it poss ib le  to explain the nature  of 
the flow and to give a ma themat ica l ly  s t r i c t  substant ia t ion of the formula t ion  of the p rob lem in the ent i re  
region.  
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